Non-relativistic holography and singular black hole  by Lin, Feng-Li & Wu, Shang-Yu
Physics Letters B 679 (2009) 65–72Contents lists available at ScienceDirect
Physics Letters B
www.elsevier.com/locate/physletb
Non-relativistic holography and singular black hole
Feng-Li Lin a, Shang-Yu Wub,∗
a Department of Physics, National Taiwan Normal University, Taipei 116, Taiwan
b Department of Physics, National Taiwan University, Taipei 106, Taiwan
a r t i c l e i n f o a b s t r a c t
Article history:
Received 18 May 2009
Received in revised form 1 July 2009
Accepted 4 July 2009
Available online 9 July 2009
Editor: T. Yanagida
We provide a framework for non-relativistic holography so that a covariant action principle ensuring the
Galilean symmetry for dual conformal ﬁeld theory is given. This framework is based on the Bargmann
lift of the Newton–Cartan gravity to the one-dimensional higher Einstein gravity, or reversely, the null-
like Kaluza–Klein reduction. We reproduce the previous zero temperature results, and our framework
provides a natural explanation about why the holography is co-dimension 2. We then construct the black
hole solution dual to the thermal CFT, and ﬁnd the horizon is curvature singular. However, we are able
to derive the sensible thermodynamics for the dual non-relativistic CFT with correct thermodynamical
relations. Besides, our construction admits a null Killing vector in the bulk such that the Galilean
symmetry is preserved under the holographic RG ﬂow. Finally, we evaluate the viscosity and ﬁnd it zero
if we neglect the back reaction of the singular horizon, otherwise, it could be non-zero.
© 2009 Elsevier B.V. Open access under CC BY license. 1. Introduction
AdS/CFT correspondence based on holographic principle [1] has
provided an important tool to study the strongly coupled systems.
For example, an lower bound on viscosity to entropy ratio (called
KSS bound) has been derived via dual black hole physics [5,6].
In fact, Nature is fond of non-relativistic systems as far as the
strong correlation is concerned such as the ultra-cold atoms at Fes-
hbach resonance or quantum Hall effect. Moreover, the new tech-
nology advance in nano-physics has realized more tunable cou-
pling systems, such as the Kondo effect in quantum dots, where
notable quantum phase transition occurs. It is then more desir-
able if one can apply the holographic principle to more strongly
coupled/correlated systems in the condensed matters physics. Re-
cently, two papers have appeared in attempt to study the holo-
graphic dual of non-relativistic conformal ﬁeld theory (CFT) [8,9].
There, they proposed a background metric with the Schrödinger
symmetry (Galilean plus conformal symmetry) as its isometry by
introducing an additional null-like Killing direction. Therefore, the
non-relativistic CFTs is co-dimension two dual to the bulk the-
ory.
On the other hand, the generalization of the proposal in [8,
9] to ﬁnite temperature has also been tried and studied in [20–
22]. In these papers, the temperature for the boundary CFT is
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Open access under CC BY license. turned on by null Melvin twisting the Schwarzschild–AdS black
hole, from which the thermodynamics of the dual CFT is de-
rived. They also calculate the viscosity-to-entropy-density ratio,
and it satisﬁes the KSS bound as expected. However, since the null
Melvin twist transformation only modiﬁes the asymptotic symme-
try, therefore in [20–22] the background metric has preserved the
null-like Killing direction only on the boundary at inﬁnity but not
inside the bulk. This implies that the Galilean symmetry of the
dual CFT is only preserved at UV end. As the holographic RG ﬂow
runs down toward IR, it is not clear how the Galilean symmetry
can be realized explicitly since there is no null Killing vector in
the bulk.
In this Letter we try to preserve the Galilean symmetry in the
bulk, i.e., our background metric will allow a null-like Killing vec-
tor in the bulk, by considering a dual black hole with singular
horizon. The singularity is due to a no-go theorem, ﬁrstly proposed
in [23,24], saying that there is no regular horizon if the bulk ad-
mits a null-like Killing vector. This is the price to pay to preserve
the Galilean symmetry for the dual CFT through the RG ﬂow. How-
ever, adopting the standard method, we will show that the singular
horizon still can yield ﬁnite temperature and correct thermody-
namics for the co-dimension two dual non-relativistic CFT.
In order to construct the black hole solution, we should have
an action principle for the dual gravity so that the ﬁeld equa-
tions can be derived and used to construct the black hole. To
achieve it, we ﬁrst provide a framework in understanding the non-
relativistic holography. Our basic idea is that the non-relativistic
QFT should be holographically dual to the Newton–Cartan grav-
ity in one-dimensional higher since the dynamical symmetry of
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case [1]. The Newton–Cartan gravity [10], though formally covari-
ant, is restricted by the Galilean symmetry to have the absolute
time, and hence awkward to implement the holography. On the
other hand, it is known that the Schrödinger symmetry can be
obtained from the Kaluza–Klein (KK) reduction along a null-like
direction [11–13]. Therefore, we can lift the Newton–Cartan grav-
ity dual theory along a null Killing direction to one-dimensional
higher covariant Einstein gravity, and the corresponding geome-
try is associated with the Bargmann group [14,15,18]. We can
also turn the other way around, given a holographic dual pair
of relativistic theories, we can perform the null-like KK reduction
to obtain the holographic dual pair of the non-relativistic theo-
ries.
Though the singular horizon is usually controversial in semi-
classical gravity, we try to argue that we can still yield sensible
thermodynamics for the dual non-relativistic CFT if some appro-
priate conditions are assumed. We hope our results will serve as
a toy example in exploiting the singular black hole for hologra-
phy.
Our Letter is organized as follows. In next section we will de-
lineate our framework for the non-relativistic holography based on
the Bargmann lift and null-like KK reduction [14,18]. An action
principle and the ﬁeld equation for the gravity are given in this
framework. In Section 3 we construct the black hole solution, and
ﬁnd the singular horizon. We then use the usual boundary stress
tensor formalism to derive the thermodynamics of the dual CFT,
which matches with the one for the non-relativistic thermal gas.
In Section 4 we try to evaluate the viscosity and ﬁnd it zero using
the conventional method of holographic hydrodynamics. We dis-
cuss the validity of our results. Finally, we conclude in Section 5
along with some discussions about the singular horizon and vis-
cosity.
2. A framework
Generalizing the spirit of AdS/CFT correspondence [1] by identi-
fying the isometry of the AdS space with the kinematic symmetry
of the dual CFT, it is natural to speculate that the gravity dual of a
co-dimension one non-relativistic CFT should be the Newton grav-
ity so that they share the same Galilean symmetry. However, since
the Newton gravity is not a covariant theory, it is not clear what
is the geometric formulation of the background space–time. This
makes it ambiguous to identify the conformal isometry in the grav-
ity side. Indeed, there is a covariant formulation of Newton gravity,
known as the Newton–Cartan gravity [10], in which the Newton–
Poisson equation can be put into the covariant form by analogy
with Einstein equation
R(NC)ab = 4πGNρψaψb, a,b = 0, . . . ,3, (1)
where ρ is the mass density and ψa are the time-like vector
charactering the absolute Newton’s time. Despite of the covariant
formulation, the metric of the background space–time in Newton–
Cartan gravity is degenerate with signature (0,+,+,+) to have
the Galilean symmetry manifested. This then implies the Ricci ten-
sor R(NC)μν is highly constrained so that one should impose non-
trivial conditions among its components, and also on the Newton
connection. These constraints make the Newton–Cartan formula-
tion hard to implement in dealing practical problems, e.g., the
action principle that Newton–Poisson equation can be derived is
unclear.
It is then desirable to have a covariant formulation of Einstein-
type gravity for the dual non-relativistic CFT, moreover, with an
action principle incorporated.2.1. Bargmann lift of Newton–Cartan gravity
In [14], it was shown that four-dimensional Newton–Cartan
theory can be formulated on a ﬁve-dimensional space–time called
Bargmann manifold. By such a lifting, one can overcome the short-
coming of lacking the true non-degenerate metric structure in
Newton–Cartan theory. Moreover, an action principle can be pos-
sibly formulated. In [14], a Bargmann manifold M˜ with metric
gμν of Lorentzian signature (−,+,+,+,+) is deﬁned by lifting a
four-dimensional connected smooth manifold M along a null-like
direction generated by a covariant constant Killing vector ξμ , i.e.,
gμνξ
μξν = 0, ∇μ(4+1)ξν = 0, μ,ν = 0, . . . ,4. (2)
In practice, Bargmann lift is more than just a reformulation of
Newton–Cartan gravity. As proposed in [14], the ﬁeld equation that
gives the metric on Bargmann manifold can be obtained from the
usual variation of the Einstein–Hilbert action with the slight mod-
iﬁcation:∫
M˜
d5x
√−g(R − λgμνξμξν). (3)
The introduction of the additional term with λ as a Lagrange mul-
tiplier is to impose a constraint,1 which ensures that the null-
likeness of the chosen ξμ will be preserved by the Bargmann
metric solving the ﬁeld equation derived from (3)
Rμν − 1
2
Rgμν − λξμξν = 0. (4)
After taking the trace, we ﬁnd the scalar curvature is zero. There-
fore, the ﬁnal ﬁeld equation is in the suggestive form
Rμν = λξμξν, (5)
where ξμ = gμνξμ is time-like. This looks like the Newton–Poisson
equation of Newton–Cartan gravity if we identify the Lagrangian
multiplier function λ as the mass density
λ ≡ 4πGNρ. (6)
Moreover, the Ricci tensor Rμν is strictly equal to Rab after null-
like dimensional reduction along ξμ [18] with some proper gauge-
ﬁxing choice of the Newton connection, see [14] for details.
An illustrative example of the Bargmann metric is
ds2 = −2U(t, xi)dt2 − 2dt dv + dxi dxi, i = 1,2,3, (7)
where v-direction is the null-like KK direction by choosing ξμ =
δμ,v . Note that, this is a pp-wave metric, and U (xi, t) is nothing
but the Newton’s potential. By plugging this metric into Eq. (5),
one ﬁnds
∇2U(t, xi)= 4πGNρ(t, xi), (8)
which is exactly the Newton–Poisson equation. A trivial example is
λ = 0, then U = 1 and the resulting Bargmann metric is ﬂat.
2.2. Conformal symmetry
In [15], it was shown that the conformal transformations C of
the 5-dimensional ﬂat Bargmann metric that commute with the
structure group (i.e., Cξ = ξ ) form a 13-dimensional Lie group, the
so-called extended Schrödinger group. Furthermore, it is clear that
by introducing U (t, xi), some (or all) of symmetries will be broken.
1 It seems that we should also add the Lagrange multiplier term for the covari-
ant constancy of ξμ . However, we can save it by directly requiring the metric is
independent of the null-like coordinate generated by ξμ .
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However, it was also shown in [15] that if U is the inverse square
potential i.e., U ∼ 1/|x|2, the following SL(2, R) subgroup of Sch(3)
is preserved:
D :
(
t, xi
)→ (s2t, sxi), (9)
C :
(
t, xi
)→ ( t
1+ λt ,
xi
1+ λt
)
, (10)
H :
(
t, xi
)→ (t + e, xi). (11)
Later on, the similar conformal symmetry can be exploited for the
non-relativistic holography.
2.3. Non-relativistic holography
As long as the ﬁeld theory dynamics is concerned, one can
also perform the Bargmann lift to have relativistic formulation of
the conformal dynamics, for examples and general discussions, see
[11–13,15,16]. Indeed, this is what was used in [8,9] to evaluate
the GKP/W-type correlators [2,3] for a non-relativistic CFT from its
bulk holographic co-dimension two scalar ﬁeld theory. Their re-
sults reproduce the correct scaling behavior of a non-relativistic
CFT.
The previous discussions on the Bargmann lift suggest a pos-
sible covariant formulation of Einstein-type gravity dual for a
non-relativistic CFT. As conjectured, the Newton–Cartan gravity
with a negative cosmological constant should be dual to a co-
dimension one non-relativistic CFT. However, the Newton–Cartan
formulation is hard to implement in practice, so we can lift it to
the Bargmann formulation, in which an action principle is possi-
ble. Conversely, we can reduce from the Bargmann formulation to
the Newton–Cartan one by performing the null-like KK reduction,
see [18] for detailed discussions. The introduction of the Bargmann
lift results in a co-dimension two holography. This framework for
the non-relativistic holography can be summarized in Fig. 1.
In order to utilize the well-studied AdS holography for our
framework, we introduce a negative cosmological constant in ac-
tion (3), by which we hope it can describe a co-dimension two
dual non-relativistic CFT. The corresponding ﬁeld equation be-
comes:
Rμν − 1
2
Rgμν + Λgμν − λξμξν = 0. (12)
Similarly, once a null-like Killing vector is chosen, we can re-
duce this equation to the Newton–Poisson equation with a neg-ative cosmological constant by properly ﬁxing the gauge of the
Newton connection. It is easy to see that the constraints on the
Newton–Cartan Ricci tensor take the same form as in the ﬂat
space. Therefore, the Bargmann formulation with a cosmological
constant should be the same as the one without cosmological con-
stant, for example, see the recent discussion in [17]. However, the
null-like KK reduction is quite non-trivial even for the asymptoti-
cally ﬂat space due to the degenerate metric. Especially, to recon-
cile the diffeomorphism and local Galilean symmetry, some spe-
cial care should be taken in choosing the frame and gauge ﬁxing
the connection as discussed in [18]. Therefore, a more complete
treatment for the null-like KK reduction in the context of non-
relativistic holography should be further explored. Here, we will
just take a more pragmatic approach and leave the formal issue
aside.
Once the null-like Killing vector ξμ = δμ,v is chosen, we can
obtain the generalized Bargmann metric for a given λ. The most
trivial solution is for λ = 0 and it can be written as:
ds2 = 1
z2
(−2dt dv + dx2ds + dz2). (13)
This is, as expected, just the AdS space in the Poincaré coordi-
nate, which has the maximal isometry as the extended Schrödinger
group for the ﬂat Bargmann metric.
Similarly to what we have done for the Λ = 0 case, one can
introduce the “Newton potential” in the metric
ds2 = 1
z2
(−2U(t, xi, z)dt2 − 2dt dv + dx2ds + dz2), (14)
it is easy to see that this metric is indeed a solution of Eq. (12) if
U (t, xi, z) satisﬁes:
∇2U(t, xi, z)= −λ(t, xi, z), (15)
where the Laplacian is deﬁned with respect to the metric (14).
As for the Λ = 0 case, we may ask which U (t, xi, z) can pre-
serve the extended Schrödinger group so that it is consistent with
the procedure of embedding Sch(ds) (Schrödinger group in ds spa-
tial dimensions) in O (ds + 2,2) in [8]. In this case, the condition
of preserving the bundle structure becomes the selection of sub-
group formed by the generators that commute with the light-cone
momentum associated with ξμ . This is just the non-relativistic
analogy of embedding the conformal group into the isometry of
AdS space. Since the metric (14) is simply Weyl-related to (7), fol-
lowing the lesson for the Λ = 0 case we should consider that U is
independent of xi but still an inverse square potential:
U = 1
z2
. (16)
This corresponds to choose λ = d(d−1)/2 where d = ds +2. There-
fore, the metric that exhibits a full Schrödinger group is the follow-
ing:
ds2 = 1
z2
(
− 1
z2
dt2 − 2dt dv + dx2ds + dz2
)
. (17)
See also [17] for the related discussions. Note that, this is the same
metric that obtained in [8,9] for the non-relativistic holography of
the cold atoms in ds + 1 dimensions, there the GKP/W-type corre-
lators are also constructed. Also this metric belongs to the class of
Siklos space–time,
ds2 = 1
r2
(−F (x, r, t)dt2 + 2dt dv + dx2 + dr2), (18)
which can be interpreted as the gravitational wave traveling along
AdS. See [17] for related discussions.
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Based on the action principle of the Bargmann lift with a neg-
ative cosmological constant, we would like to ﬁnd the black hole
solution corresponding to turning on the temperature of the dual
CFT and the related thermodynamical quantities. However, the task
is obscured by a no-go theorem proposed in [23,24]: there will be
no regular black hole horizon if the space–time admits a null-like
Killing vector. The original argument in [23,24] is for the asymptot-
ically ﬂat space, namely, the pp-wave, however, it seems that the
no-go theorem still holds with a negative cosmological constant
included. Unlike the approach taken in [20–22] in which they gave
up the null-like Killing vector in the bulk, we will endeavor to con-
struct the singular black hole in our Bargmann lift framework, and
derive from it the thermodynamics of the dual CFT. An immediate
advantage over the approach in [20–22], our solution preserves the
null-like Killing vector in the bulk which implies that the Galilean
symmetry is preserved under the holographic RG ﬂow. Of course,
we will face many tricky issues regarding the singular black hole.
3.1. Finding the solution
Our starting point for the black hole solution is the following
action of (d + 1)-dimensional Anti-de Sitter (AdS) gravity with a
scalar∫
dd+1x
√−g
[
R − 1
2
(∂φ)2 − 1
2
d(d − 1) − λξμξμ
]
, (19)
and the resultant equations of motion are2
Rμν + dgμν − λξμξν = 1
2
∂μφ∂νφ (20)
and
∂μ
(√−g∂μφ)= 0. (21)
Here the Lagrangian multiplier term is added to impose the condi-
tion for the null-like KK reduction. We choose the null-like Killing
vector to be ξμ = δμ,v for the metric ansatz
ds2 = e2A(r)(−2dt dv + H(r)dt2)
+ e2B(r) dr2 + e2C(r) dx2d−2. (22)
The equations of motion then reduce to
egφ′ = const, (23)
and
A′′ + A′g′ = de2B , (24)
C ′′ + C ′g′ = de2B , (25)
A′′ + A′2 − A′B ′ + d − 2
2
(
C ′′ + C ′2 − C ′B ′)
= d
2
e2B − 1
4
φ′2, (26)
H′′ + H′g′ + 2H(A′′ + A′g′) − 2dH e2B + 2λe2A+2B = 0, (27)
and
g = 2A − B + (d − 2)C . (28)
In the above ′ := ddr .
2 We set the AdS curvature radius Rads to one for the moment, and will recover
it later on when it is necessary.Taking the ansatz
A(r) = a lnk(r) + α ln r, B(r) = b lnk(r) + β ln r,
C(r) = c ln r, (29)
and then solve for a,b, c,α,β and k(r) from the above equations.
It is straightforward to ﬁnd the non-trivial solutions with the
above ansatz. After some algebra, the solution we ﬁnd is
ds2 = r2√ f (r)(−2dt dv + H(r)dt2)+ dr2
r2 f (r)
+ r2 dx2d−2 (30)
and
e2φ(r) = f (r), (31)
where
f (r) = 1− r
d
H
rd
(32)
and
λ(r) = − 1
2r1+d
√
f
(H′r1+d f )′. (33)
In the above the radial coordinate is in the unit of AdS curvature
radius Rads. Note that, φ → 0 as r → ∞ so it yields no contribution
to boundary action in the holographic consideration.
Our solution has some interesting features as follows:
(1) As in [20–22], we also need to turn on the dilaton proﬁle
to obtain the above quasi black hole solution. This implies that the
temperature effect will break the conformal symmetry and induce
non-trivial RG ﬂow.
(2) Unlike the solution considered in [20–22], our solution pre-
serves the null-like Killing direction even in the bulk not only
being restricted to the asymptotic boundary inﬁnity. This implies
that as we change the RG scale from UV to IR, we can still have
the dual QFT with Galilean symmetry.
(3) Our black hole is quasi since the horizon can be reached
only in the radial direction, not in the t and v directions. This is
consistent with the fact that there is no notion of black hole in
the Newtonian gravity obtained from the null-like KK reduction.
This can be seen from the criterion discussed in [23], see also [24].
In [23], they assume that near the horizon, we have
e2A ∼ (r − rH )2a, e2B ∼ (r − rH )2b,
H ∼ (r − rH )2h sign(H). (34)
For our solution, we have3
a = 1
4
, b = −1
2
, h = 1
4
, sign(H) = −1. (35)
As shown in [24], for the coordinate time of a static observer to be
ﬁnite in reaching the horizon along the radial direction we need
a + b > −1, if h 0 or H ∼ log(r − rH ), (36)
and
a + b + |h| > −1, if h < 0. (37)
This is indeed the case for our solution.
On the other hand, for the coordinate time to be ﬁnite in reach-
ing the horizon along the t and v directions we need
a − b > 1, if h 0 or H ∼ log(r − rH ), (38)
3 The exponent h = 1/4 will be determined in the next subsection.
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a − b > 1+ |h|, if h < 0 (39)
which is not obeyed by our solution.
In summary, a static observer can “see” the horizon only along
the radial direction. This, however, will holographically provide the
ﬁnite temperature environment for the dual CFT, and we will jus-
tify this later on by working out a sensible thermodynamics for
the dual CFT.
(4) Moreover, the curvature invariants Rμνλσ Rμνλσ , Rμν Rμν
and R2 are singular as (r − rH )−2 at r = rH , so r = rH is a naked
singularity. At ﬁrst sight, it is not clear if there is sensible thermo-
dynamics associated with the singular horizon. However, we will
see that we can indeed obtain ﬁnite thermodynamical quantities
by using the conventional boundary stress tensor method.
3.2. Thermodynamics
Now we will extract the thermodynamics out of the metric.
Since the black hole horizon is singular, it is not clear if we can
have sensible thermodynamics associated with or not. The ﬁrst
thing to check is to evaluate the temperature. One naive way to
obtain the temperature is to require the absence of the conical
deﬁcit for the following general black hole metric
ds2 = F (r)dτ 2 + dr
2
G(r)
+ · · · (40)
where · · · denote the irrelevant terms for temperature extraction.
Near the horizon we can write the above into a disk without con-
ical deﬁcit by requiring the black hole temperature T to be
T = dF
dr
√
G(r)
F (r)
∣∣∣∣
r=rH
. (41)
Therefore, to have a well-deﬁned T we should require G/F to be
ﬁnite at r = rH .
One subtlety for our black hole metric (30) is the non-vanishing
gtv which is absent in (40). However, since we will KK reduce
along the v-direction for the holographic duality, we can sim-
ply drop this term. Then, in our case we have G(r) = r2 f (r) and
F (r) = r2√ f (r)|H(r)|, and the latter will depend on λ(r). For the
case with λ = −d(d − 1)/2 one can show that H(rH ) will blow
up, and we will not get a sensible T . Instead, we should require
H(r) = −C2t rq−2
√
f (r) for some constant p and Ct , which can be
obtained by tuning λ(r) through (33). Then we ﬁnd
T = Ctd
2π
r¯
q
2
H
Rads
(42)
where we have introduced the normalized horizon radius r¯H =
rH/Rads.
For the moment, it seems that we have arbitrariness in getting
different temperature by tuning λ(r). We will see that this is not
case if we require the ﬁrst law of the black hole thermodynamics
holds.
One may worry about the above procedure in obtaining T by
simply dropping off the gtv term. To justify the answer and see the
subtlety, we evaluate the surface gravity of the horizon. To do this,
we need to choose a time-like Killing vector kμ which becomes
null-like on the horizon, and the surface gravity κ is given by
kμ∇μkν
∣∣
r=rH = κkν
∣∣
r=rH . (43)
One can then follow the standard procedure by evaluating the
above relation in the Finkelstein–Eddington coordinate to yield κ .
If we choose kμ = δμ,t , we will get κ which agrees with (42) fromthe conical method. However, one subtlety arises4: Since we have
a null-like Killing vector ξμ = δμ,v , any normalized time-like vec-
tor akμ + bξμ also becomes null on the horizon. It seems that
the surface gravity is not unique. Moreover, it is easy to see that
all the above time-like Killing vectors except kμ will yield inﬁnite
surface gravity. Therefore, it seems ambiguous in deﬁning the sur-
face gravity and the black hole temperature. In any case, we are
dealing with a singular black hole but aiming for a holographic
interpretation of the boundary non-relativistic CFT. Instead of re-
solving the ambiguity deﬁnitely, we will follow the guidance of
the holographic principle by noting that the null-like Killing direc-
tion is just an auxiliary to yield Galilean symmetry of the dual CFT
via KK reduction. Therefore, we should keep this direction intact
while considering the thermodynamics for the dual theory and kμ
should be the choice for such a purpose. In sum, though there
is an ambiguity in deﬁning the surface gravity for the black hole
horizon, it is unambiguous to deﬁne a ﬁnite temperature for the
dual CFT via a special choice of time-like Killing vector to evalu-
ate surface gravity. This feature is peculiar for our framework of
non-relativistic holography via singular black hole.
Given a temperature, we will obtain the thermodynamical
quantities. First, the entropy is given by the Bekenstein–Hawking
entropy5 so the entropy density of the dual CFT is
s
Lv
= r¯
d−2
H
4Gd+1
= 1
4Gd+1
(
2π T Rads
Ctd
) 2(d−2)
q
(44)
where Lv is the size of the v-direction.
Next, we can use the formalism of the boundary stress tensor
[4] to evaluate the energy and pressure density of the dual CFT.
The boundary stress tensor is given by Θμν = −(∇μnˆν +∇ν nˆμ),
where nˆμ is an inward unit vector normal to the boundary, i.e.,
nˆμ = −√grrδμ,r . It is then straightforward to calculate the non-
vanishing components of the boundary stress tensor, which result
in the expectation value of stress tensor of the dual CFT〈
(Tbdy)
μ
ν
〉= 1
8πGd+1
√−γ (Θμν − δμν Θ)
+ covariant counter terms, (45)
where γ is the determinant of the boundary metric. The covariant
counter terms play the role of the UV cutoff to yield ﬁnite stress
tensor.
Consider the metric of our singular black hole
ds2 = −C2t r¯q f dt2 − 2r¯2
√
f dt dv + dr¯
2
r¯2 f
+ r¯2 dx2d−2 (46)
where r¯ = r/Rads is the normalized radial coordinate. Evaluating
the boundary stress tensor of this metric and plus appropriate co-
variant counter terms
− 1
8πGd+1
(2d − 2)√−γ δμν + c0ξμξν, (47)
we obtain the energy density and pressure of the dual CFT in ther-
mal equilibrium at temperature (42) as follows
ρ
Lv
:= −T tt =
1
8πGd+1
(
d
2
− 1
)
r¯dH
Rads
,
p
Lv
=: T xixi =
1
8πGd+1
r¯dH
Rads
. (48)
4 We thank Chi-Wei Wang for pointing this out.
5 It is not clear if a singular horizon still obeys the area law or not, here we
simply assume it is the case. With hindsight, if the singularity can be resolved and
a stretched horizon is formed, then the area law should hold as long as the horizon
size is far larger than the resolution scale.
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relativistic conformal invariance.6 Furthermore, we should require
the ﬁrst law of thermodynamics ρ + p = T s to hold, this yields
q = 4, Ct = 1
2
. (49)
This gives the correct scaling behavior for the non-relativistic ther-
mal gas in ds = d − 2 spatial dimensions, i.e.,
ρ ∼ T ds2 +1, s ∼ T ds2 . (50)
Few remarks are in order about our results:
(1) Though it seems the starting backgrounds for the dual CFT
have some arbitrariness in choosing λ(r), we ﬁnd that the arbi-
trariness is lifted by the consistency of thermodynamics required
by the ﬁrst law. From (33) and H = −r2√ f /4 implied by (49), one
can determine λ(r).
(2) Our proﬁle of λ(r) and φ(r) should be some matter sources
of the dual Newton–Cartan gravity after KK reduction along null-
like direction v . Our results suggest that only some particular
matter sources in Newton–Cartan gravity can yield consistent ther-
modynamics for the dual CFT.
(3) Beside the T tt and T
xi
xi , T
v
t is also non-vanishing but cannot
be regularized by the covariant UV counter terms. However, unlike
T tv which corresponds to the particle number density in dual CFT,
there is no proper interpretation for T vt in dual CFT so that its UV
divergence may not be physically relevant. Instead we have T tv = 0
due to the absence of the KK particle condensation. It would be
interesting to see how to achieve the vacuum of non-zero particle
number density by turning on some bulk conﬁguration, such as
the one in Sakai–Sugimoto model [19].
4. A trial for viscosity
Though our black hole has singular horizon, we have found a
well-deﬁned the thermodynamics for the dual CFT. The next step
is to see if one can obtain some transport coeﬃcients of the hydro-
dynamics such as the shear viscosity of the dual CFT. For case with
regular black hole in dual gravity, there are many ways to derive
the viscosity, and they all saturate the KSS bound for many dif-
ferent holographic dual quantum ﬁeld theory. The deep reason for
such a universality is deeply related to universality of the low en-
ergy absorption cross section of the bulk black hole [26] as pointed
out in [6]. However, for the singular black hole, the above conclu-
sion may break down because the perturbations around the hori-
zon to obtain the viscosity may cause large back-reactions due to
the strong curvature. Also, the recent study [25] in holographically
deriving the bulk geometry from the hydrodynamics of the bound-
ary CFT suggests the horizon should be regular under the deriva-
tive expansions. Despite of these seemingly obstacles, we instead
view our singular black hole as a test ground for the KSS bound. In
this section, we will just ignore the issue of back-reaction and pre-
tend the hydrodynamical approximation remains good for singular
horizon, and then evaluate the viscosity by following the methods
in [5–7].
For simplicity, we will consider d = 4 case, the generalization
to other dimensions should be straightforward. The shear viscosity
can be obtained via the Kubo’s formula
η = lim
ω→0 ImG
R
12,12(ω,
k = 0), (51)
where GR12,12 is the retarded Green’s function
6 At least, for d = 4, we have ρ = p as expected in [20,21].GR12,12(ω, k = 0)
= −i
∫
d4xdt eiωtθ(t)
〈
T12(t, x)T12(0,0)
〉
. (52)
As proposed in [5,6], the two point function can be obtained by the
method of GKP/W for the linear perturbation of the bulk metric,
Φ ≡ h21. It turns out the linearized Einstein equation for Φ is just
the scalar ﬁeld equation. In [6], it was also pointed out that the
above method leads to
η = σabs|ω→0
16πGN
(53)
where σabs|ω→0 is the low energy absorption cross section of the
bulk black hole, which is determined by the ratio between ﬂuxes
at horizon and spatial inﬁnity. Therefore, we should solve the
scalar ﬁeld equation on the black hole background and evaluate
the ﬂuxes.
For our background metric (46) and (49) with d = 4, after
setting Φ = e−i(ωt−v)φ(r) where  is the null-like KK momen-
tum, the scalar ﬁeld equation can be brought into the form of
Schrödinger equation (for the time being, we set Rads = 1)
∂2ρφ −
[
2r8H
4
f
(1− f )2 + 2ωr
6
H
√
f
(1− f )3/2
]
φ = 0 (54)
where
−∞ < ρ := 1
4r4H
ln f < 0, f = 1− r
4
H
r4
. (55)
In the near horizon region, i.e., ρ → −∞, φ approaches a con-
stant if we require it is regular at the horizon. On the other hand,
in the far region, i.e., ρ → 0, the asymptotic behavior of φ will
depend on the sign of . If  > 0,
φ → C1√−ρ I√4+2/4
(
2
√
ω(−ρ)−1/4)
+ C2√−ρK√4+2/4
(
2
√
ω(−ρ)−1/4)
which are real and non-oscillatory, where Ia(x), Ka(x) are mod-
iﬁed Bessel functions. Matching with the near horizon region to
determine the integration constants C1 and C2, it implies that the
solution is real and there is no ﬂux. This leads to zero σabs|ω→0,
and thus vanishing viscosity. On the other hand, for  < 0,
φ → C1√−ρ J√4+2/4
(
2
√
ω(−ρ)−1/4)
+ C2√−ρY√4+2/4
(
2
√
ω(−ρ)−1/4),
where Ja(x), Ya(x) are the ﬁrst kind and second kind of Bessel
function respectively, can be imaginary and oscillatory. However,
it cannot match with the constant behavior at the near horizon re-
gion. This implies no consistent solution, and thus no absorption
and zero viscosity.
Our result seems violating the KSS bound on η/s. It deserves to
use the other way to evaluate it. As known, one can also compute
the shear viscosity from the hydrodynamics [7] by evaluating the
two point function in (52) à la GKP/W. It is convenient to write the
metric in the following form
ds2 = − (π T Rads)
2
4u2
f (u)dt2 − 2π T Rads
u
√
f (u)dt dv
+ π T Rads
u
(
dx2 + dy2)+ R2ads
4u2 f (u)
du2, (56)
where u := r2 /r2 so f (u) = 1− u2.H
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φ′′ (u) −
1+ u2
u f
φ′(u) +
(
ωRads
4π T u f 3/2
− 
2R2ads
16u2 f
)
φ(u) = 0. (57)
In the new coordinate, the boundary is at u = 0, and the horizon
is at u = 1. According to the recipe in [7], we assume φ(u) =
(1− u)δ F(u), and we ﬁnd the wave equation is
F ′′ (u) −
(
1+ u2
u f
+ 2δ
1− u
)
F ′(u) +
(
δ(δ − 1)
(1− u2)2 +
δ(1+ u2)
u f (1− u)
+ ωRads
4π T u f 3/2
− 
2R2ads
16u2 f
)
F(u) = 0. (58)
To determine δ, it requires the most singular term vanishes at
u = 1, such that we ﬁnd δ = 0. This means there is no phase fac-
tor, and the wave function becomes constant at the horizon. In fact,
this already suggests there is no incoming ﬂux, and the absorption
cross section is zero, i.e., zero shear viscosity.
To be more concrete, let us solve Eq. (57) directly. In the hy-
drodynamic limit, ω,  1, we can write the scalar modes in the
perturbative series by using the expansion parameters ω, .7 Ex-
press φ(u) = φ0(u) + ωF1(u) + G1(u), and keep to the order
O (ω) and O (), we ﬁnd the solutions for these three functions are
all in the form of C2 + 12C1 ln(−1+ u2), where C1 and C2 are inte-
gration constants. Impose the boundary conditions, φ(0) = 1, and
φ(u) is regular at the horizon u = 1, we will ﬁnd φ0(u) = 1, and
F1(u) = G1(u) = 0. So to this order, the retarded Green’s function
GR = 0 and according to the Kubo’s formula, the shear viscos-
ity η = 0. But this estimation is too naive since there are terms
proportional to ω, and 2, so this might imply that we should
expand the equation to the second order. To the second order
φ(u) = 1 + ωF1(u) + G1(u) + ωH(u) + ω2F2(u) + 2G2(u), it
is straightforward to see there is no imaginary part in the retarded
Green’s function and no contribution to the shear viscosity. On the
other hand, one can ﬁx the null-like KK momentum  ﬁxed and
ﬁnite so that we do not treat it as an expansion parameter. How-
ever, it is easy to see the retarded Green’s function is also real, and
the shear viscosity is zero.
The seeming violation of the KSS bound η/s 1/4π in our dis-
cussions is deeply related to the singular horizon and our artiﬁcial
regularity constraint of the scalar wave function on the horizon.
Since the horizon is highly singular, it seems not possible for the
wave function to comply with such a constraint. It is then inter-
esting to see what is η/s if we relax such a constraint in our case.
For simplicity, we will just neglect the 2 term in (57), and obtain
the solution
φ(u) = 1+ (C2 − iC1w) ln
(
1− u2), w := ωRads
4π T
. (59)
If we impose the regularity condition at the horizon, then C1 = 0
and φ becomes real. Now we relax the condition and evaluate the
ﬂux, then we ﬁnd
η
s
= 1
4π
C1Rads
16π2
. (60)
This indeed indicates the correlation between singular horizon and
the possible violation of the universal bound. Since we have no
other reasonable boundary condition to ﬁx C1, we cannot say any-
thing about the bound on η/s. Hopefully, some quantum gravity
effect will resolve the horizon and ﬁx C1 in a subtle way.
7 Usually, in perturbation expansion ω is treated as the same order as 2 [7].
However, in our case, if we treat 2 as the expansion parameter, we will ﬁnd there
is a term proportional to  in the equation. So we have to treat  as the expansion
parameter, not 2.5. Conclusions and discussions
We propose a framework for non-relativistic holography. In
our framework, the gravity dual to the co-dimension one non-
relativistic CFT is the Newton–Cartan gravity with a negative cos-
mological constant. Using Bargmann lift to one-dimensional higher
space–time, we construct the co-dimension two non-relativistic
holography with covariant Einstein gravity. Conversely, one can
also reduce from the Bargmann formulation to the Newton–Cartan
one by performing the null-like KK reduction. The advantage of
this formulation is that we can construct the same background
metric with the Schrödinger symmetry as obtained in [8,9] from
the action principle.
We also construct the black hole solution with a null-like
Killing vector in the bulk. The advantage to preserve the null-like
Killing vector in the bulk is that the Galilean symmetry will be pre-
served under the holographic RG ﬂow. However, due to the no-go
theorem discussed in [23], our black hole solution has a singular
horizon. Although our black hole has a singular horizon,8 we can
still have a well-deﬁned temperature and thermodynamics. There-
fore we incorporate this singular black hole in our Bargmann lift
framework and derive from it the thermodynamics of the dual CFT.
Besides, we have a correct thermodynamical behavior. Our temper-
ature dependence of energy and entropy density match with the
non-relativistic CFT. And our equation of state also matches with
dual non-relativistic CFT (at least for d = 4). Besides, the particle
number density is zero in our background, it means there is no
particle condensation in our background. It would be interesting
to see how to introduce the non-trivial vacuum of non-zero parti-
cle number density by turning on some bulk conﬁguration.
Once we have a ﬁnite temperature background, one may won-
der that if we can extract some transport coeﬃcients such as the
shear viscosity of the dual CFT in our background. Follow the
recipe in [5–7], if we impose the regularity condition at the hori-
zon we will get zero shear viscosity which violates the KSS bound
η
s 
1
4π . This is due to the singular horizon of our black hole,
and actually if we relax the regularity condition at the horizon,
we will obtain a ﬁnite shear viscosity. On the other hand, in [27]
the authors calculate the viscosity for the cold atom system by re-
summing the fermion scattering diagrams in effective ﬁeld theory
approach, and they ﬁnd the viscosity diverges except for 3+ 1 di-
mensions. Their result implies that the cold atoms not in 3 + 1
dimensions cannot be a strongly coupled system. Intuitively, the
formation of the threshold bound states of cold atoms at Feshbach
resonance is equivalent to the divergent scattering length, which
implies strong correlation so that the viscosity should be vanishing.
If this intuition is correct, then holographically it can be under-
stood as caused by the singular horizon. However, it is in conﬂict
with the results in [27] for the cold atoms. Therefore, we think the
understanding of this issue in the context of non-relativistic holog-
raphy remains open. Besides it is argued that the KSS bound can
be violated in the large species of non-relativistic gas [29], it is
interesting to realize this in the non-relativistic holography.
The generalization to the non-relativistic non-conformal theory
should be starting with the usual near horizon geometry of the
black p-brane with p = 3. Technically, the construction of the dual
background geometry should be close to what have done in [30],
however, one should also impose the constraint to ensure the null-
like Killing direction.
There are many other interesting issues worth further investiga-
tions. For example, it is interesting to introduce the ﬁnite chemical
8 Other examples in using naked curvature singular solution for holography can
be found in [28].
72 F.-L. Lin, S.-Y. Wu / Physics Letters B 679 (2009) 65–72potential and ﬁnite density by turning on some bulk gauge and
Higgs ﬁelds. It is also interesting to consider the gravity dual to the
non-relativistic theory for a matter ﬁeld interacting with a Chern–
Simons gauge ﬁeld [31].
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